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Abstract 

In this paper, we study some properties of umbral calculus related to 
Appell sequence. From those properties, we derive new and interesting 
identities of Frobenius-Euler polynomials. 



1 Introduction 

Let C be the complex number field. For AG C with A ^ 1, the Frobenius-Euler 
polynomials are defined by the generating function to be 

1_A £Xt = eH(xWt = ^ Hnm * (see [7 _ n]) ; (1) 

n=0 

with the usual convention about replacing H n (x\X) by H n (x\X). 

In the special case, x = 0, H n (0\X) = H n (X) are called the n-th Frobenius-Euler 

numbers. By (pQ), we get 

H n (x\X) = J2( n i ) H n -i{X)x l = (H{X) + x) n , (see [1, 2, 3,4]), (2) 

with the usual convention about replacing H n (X) by H n (X). 
Thus, from and ()2]), we note that 

(H(X) + l) n - XH n (X) = (1 - X)5 , n , 

where 5^ is the kronecker symbol (see [6,7]). 

For r G Z + , the Frobenius-Euler polynomials of order r are defined by the 
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generating function to be 



:V4)^ = (4-4) x ■ ■ • x (44)^ ( 3 ) 

e { — A e { — A e { — A 



r— times 



n=0 

In the special 0, Hi r) (0\\) = Hi r \\) are called the n-th Frobenius- 

Euler numbers of order r (see [6,7]). 

From ([3]), we can derive the following equation: 



HL r \x\X) = j2( n i )H { :! l (X)x\ 

l—n \ / 



(4) 



1=0 
and 

^ } (A)= J2 (l,,.™^ )H h W---H lr (\). (5) 

(lH hir=n ' 

By dl]) and ([SD, we see that Hi r \x\X) is a monic polynomial of degree n with 
coefficients in Q(A). 

Let P be the algebra of polynomials in the single variable x over C and let P* 
be the vector space of all linear functionals on P. As is known, (L\p(x)) denotes 
the action of the linear functional L on a polynomial p(x) and we remind that 
the addition and scalar multiplication on P* are respectively defined by 

(L + M\p(x)) = (L\p(x)) + (M\p(x)), (cL\p(x)) = c(L\p(x)), 

where c is a complex constant (see [3 [8]). 

Let F denote the algebra of formal power series: 

00 

F = {f(t) = J2^t k \a k eC}, (see E|). (6) 

fc=0 

The formal power series define a linear functional on P by setting 

(f(t)\x n ) = a n , for all n > 0. (7) 
Indeed, by ([6]) and ([7]), we get 

(t k \x n ) = n\5 n>k (n, k > 0), (see i). (8) 
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This kind of algebra is called an umbral algebra. 

The order 0(f(t)) of a nonzero power series f(t) is the smallest integer k for 
which the coefficient of t k does not vanish. A series fit) for which 0(f(t)) = 1 
is said to be an invertible series (see [5,8]). For f(t),g(t) G F and p(x) G P, 
we have 

(f(t)g(t)\p(x)) = (f(t)\g(t)p(x)) = (g(t)\f(t)p(x)), (see 0). (9) 

One should keep in mind that each f(t) G F plays three roles in the umbral 
calculus : a formal power series, a linear functional and a linear operator. To 
illustrate this, let p{x) G P and f(t) = e yt G F. As a linear functional, e yt 
satisfies (e yt \p(x)) = p(y). As a linear operator, e yt satisies e yt p[x) = p(x + y) 
(see [5]). Let s n (x) denote a polynomial in x with degree n. Let us assume 
that f(t) is a delta series and g(t) is an invertible series. Then there exists a 
unique sequence s n (x) of polynomials such that (g(t)f(t) k \s n (x)) = n\5 n> k for 
all n, k > (see [5J [S]). This sequence s n (x) is called the Sheffer sequence for 
(g(t),f(t)) which is denoted by s n (x) ~ (g(t),f(t)). If s n (x) ~ (1, /(*)), then 
s n (x) is called the associated sequence for f(t). If s n (x) ~ (g(t),t), then s n (x) 
is called the Appell sequence. 
Let s n (x) ~ (g(t), f(t)). Then we see that 

h(t) = f: <m ^ x)> 9(t)f(t) k , h(t)eF, (10) 

fc=0 
fc=0 

f(t)s n (x) = ns n _i(x), < /(t)|p(ax) >=< /(at|p(x) >, (12) 

and 

1 m ^ s k(y) 



-e 



E^TT**. for all (13) 



»</<«» £; fc! 

where f(t) is the compositional inverse of f(t) (see [8J). In this paper, we 
study some properties of umbral calculus related to Appell sequence. For those 
properties, we derive new and interesting of Frobenius-Euler polynomials. 
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2 Frobenius-Euler polynomials and Umbral Cal- 
culus. 

By and (|T3j) . we see that 

H£Hz\\)~{(j=±r,t). (14) 

Thus, by (fill) , we get 

<{^-yt k \H^\x\X)>=n\5 nM . (15) 

Let 

P n (A) = {p(x) G Q(A)[x]| deg p(x) < n} . 

Then it is an (n + l)-dimensional vector space over Q(A). 

So we see that {H^ r) (x\X), H { {\x\X), ■■■ , H^ r \x\X)} is a basis for P n (A). For 

p(x) E P„(A), let 

n 

p(x) = ^C^ ) (x|A), (n>0). (16) 

fc=0 

Then, by (Tllj), (ITS]) and (ITBTl. we get 

n 
1=0 

From (TlTI) . we have 



< ({^) r t k \p(x) > = ({^jYt k \Hi r \x\X) > (17) 



fc!(l - 


xy 


1 




k\(l - 


xy 


1 




k\(l - 


xy 



r 
r 



r 
j 



-Xy 3 < e jt \D k p{x) > 
-Xy- J < t°\e Jt D k p{x) > 



X) r - J < t°\D k p(x + j) > 



3=0 

Therefore, by (fl6|) and (JT8J) , we obtain the following theorem. 
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Theorem 1. For p(x) G P n (A) , let 

p(x) = £c k Hl r \x) 

k=0 

Then we have 



where Dp(x) = • 

From Theorem [U we note that 



1 n r 1 f \ 

p( x ) = EC y\ r j) (-xr j D k p(j)}Hl r \x\\) . 



k=0 j=0 



Let us consider the operator Aa with A\f(x) = f(x + 1) — Xf(x) and let 
J\ = jry Aa . Then we have 



UfW = Y^xif( x + !) - A /(^)}- ( 19 ) 



Thus, by ( TT9j) . we get 

Jx(H^(x\X) = y^j{HS\x + 1|A) - AifW(^lA)}- (20) 
From ([3]), we can derive 

_°° +n 1 _ \ 1 _ \ 

£{i#>(s + l|A) - \H£\ X \\)}L = { L_Ay e W _ A(V4) e " ( 21 ) 
z — ' n! e 1 — A e c — A 

n=0 

= (^4)^(e* - A) = (1 - A)(i^A)'- 1 e a:t = (1 - A) £ ffC^A)^. 
e* — A e* — A n\ 

n=0 

By (|2DJ and (J2U, we get 

JA(fli P) (*|A)) = flJ r - 1) (*|A). (22) 

From (1221) . we have 

J r x(H^(x\X)) = JT^HtHxM) = ■■■ = Hi 0) (x\\) = *», 
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and 

J r x (x n ) = r x H$»{z\\) = H(- r \x\\) = J?HV{x\\) . (23) 
For s G Z+, from fl22l) . we have 

JUHZ\x\\)) = Ht a) (x\\). (24) 
On the other hand, by (f]J), (fT4j) and (|22l). 



^(^(^lA)) = (^) s (H^(x\X)) (25) 



v ^((i-a) + E^) s (^w a ))- 

Thus, by (J25D, we get 



s 

771 / x -v . — . 1 



m=0 

fc,->i 



•S 



m — n V / t, j ufc„,=; V 7 ' 



m=0 v i=m fciH hfem=i 

fc,>l 



min{s,n} 



S 



e tB4e(; e L.. * )*&<*w 

m=0 V A > l=m V / k 1+ - +km =l V Kl ' ' Km / 



mm{s, n} / \ ' 1 1 ' \ 

E { (? E(H^ S V,J**» 

«=0 V 7 m=0 V 7 fc! + .-.+fc m =; \ 



mm{s,n} 



S 



fc,->l 



Therefore, by (1241) and (1261) . we obtain the following theorem. 
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Theorem 2. For any r, s > 0, we have 

s 

min{s,n} 



^- s) (-ia)= E {(I)EtF^ E L . . * ) 



}^(^|A) 



s 

mm{s,n} I 

+ E {(?) E E 

l=min{s,n}+l V 7 m=0 v ' *i+-+km=! v 7 

fcj >i 

Let us take s = r — l(r > 1) in Theorem [2j Then we obtain the following 
corollary. 

Corollary 3. For n > 0,r > 1, we have 
H n (x\\) 

( r-1 \ 

min{r~l,n} / \ I \ I / \ 

= E ((")eV^ E (*,..* )>^w 

z=o VW^qU V kl+ ... +km=l V «i> 

fc,->i 



n , v rnin{r-l,n} i i / / \ 



r — 1 



l=minW— l,n\+l m=0 v ' +k»n=l 

fc,->l 



Let us take s = r(r > 1) in Theorem[2J Then we obtain the following corollary. 
Corollary 4. For n > 0, r > 1, we /iave 



min{r,n} , - Z 



r 



e ((';)EtF# e L. . fc )>*&(*w 



Z=0 v 7 m=0 v ~ " v fci+— +fcm=i 



r 



n , v min{r,n} • , / 7 \ 

+ E {(") E tB^ E L. . t )>*&(*w- 

L 1 J L. ^ 1 
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Now, we define the analogue of Stirling numbers of the second kind as follows: 

k 



Sx(n, k) = i g ( * ) (-A)*-^, (n, k > 0) . 

Note that Si(n, fc) = £(71, A;) is the Stirling number of the second kind. 
From the definition of A\, we have 



(27) 



a^(o) =it(k) (- A )""^( fc ) ^ 



fc=0 

By (J27D and (J28D, we get 

S x (n,k) = yA k ) fl n , (n,k>0). (29) 
Let us take s = 2r. Then we have 

J[x n = Ht r) (x\X) (30) 

2r 



min{2r,n} / \ I \ i / 

fc,->l 



min{2r,n} 



2r 



+ ? <(?) 5 ^ s U,. .U))^,, 



i=mm(2r,n}+l x ' m=0 v ' kiH hfcm=i 

fc,->l 



and 



■fa" = (^A,)^) = E ( j ) W'O* + ^- (31) 



S 



By (J3DD and (JSU), we get 

(T^ E ( I ) + i)" = (T^A^" (32) 

— n{2r,n} / \ ' I I / , \ 

z=o V 4 / m =o t 1 ~ A ^ fcl+ - +fem = i V ' ftm / 



2r 



n , v min{2r,n} 

+ E (?) E E U,.U 

(=mm{2r,n)+l v 7 m=0 v y fci+---+fc m =i \ 

fc,->l 



Let us take a; = in fl32|) . Then we obtain the following theorem. 
Theorem 5. 

H „ , v r! A^0 n 



(1-X) r v ' 7 (l-A) 1 - r! 

2r 



min{2r,n} , . Z 

E {f? Et^4 E ( 



7 m=0 v hfcm=i x 

fe,->l 



min{2r,n} 



2r 



+ ^ ( " ) £ O^F ..^ U • • • ,*J }ff " i,(A) 



=min{2r,n}+l x m=0 v ' fc]+— +kn»=i 

fc^ >i 



my / n 



mm{r,n} 

m=U fclH hfcm=" N 
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Let us consider s = 2r — 1 in the identity of Theorem [21 Then we have 

Jl l x n = H-^- l \x\\) (33) 

2r- 1 



min\2r— l,n\ / \ I , , , 



fc,->l 



min{2r— l,n.} 



2r - 1 



■ X- <") 5 W k L J,>*' 



(=min{2r-l,n}+l 7 m=0 +fcm=l 

= (13^ E ( r J 1 ) (-*>"-'<* + >r = (i^ Arl1 " 

Let us take x = in f )33p . Then we obtain the following theorem. 
Theorem 6. For n > and r > 1, we have 

(1 _ A)r _^A(n,r i;_ (1 _ A)r _! (r _ 1}! 

/ 2r - 1 \ 

min{2r— l,n} , . Z I I , . 

= e ( ; eVV e (*,..'. t 

Z=0 V / m=0 ^ _A ^ * 1 + - + * m =« V % ' '^Z 

fcj >i 

(2r - l\ 

n , \ min{2r-l,n}\ 1 / i \ 

+ E <IE V^Jr E LI J>*aw 

l=min{2r~l,n}+l ^ ' m=0 V ' fei+-+fem=I ^ ' ' m/ 
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Remark. Note that 



(r-1)! 



S x (n,r- 1) 



(1 - A)- 




fclH hfcm=' x ' 



fc 3 >l 




}^n-/(A) 
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